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Abstrat
We present a new formulation of the orrelated eletron-ion dynamis
(CEID) by using equations of motion for nonequilibrium Green's fun-
tions, whih generalizes CEID to a general nonequilibrium statistial en-
semble that allows for a variable total number of eletrons. We make a rig-
orous onnetion between CEID and diagrammati perturbation theory,
whih furthermore allows the key approximations in CEID to be quan-
tied in diagrammati terms, and, in priniple, improved. We ompare
analytially the limiting behavior of CEID and the self-onsistent Born ap-
proximation (SCBA) for a general dynamial nonequilibrium state. This
omparison shows that CEID and SCBA oinide in the weak eletron-
phonon oupling limit, while they dier in the large ioni mass limit where
we an readily quantify their dierene. In partiular, we illustrate the
relation between CEID and SCBA by perturbation theory at the fourth-
order in the oupling strength.
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1 Introdution
One of the most fundamental problems in moleular eletronis is to under-
stand the inelasti sattering eets of atomi vibrations on transmitted ele-
trons. These eets have been extensively studied both experimentally and
theoretially in reent years [1℄. The interplay between eletroni and nulear
dynamis in atomi-sale devies inuenes not only the devie harateristis,
e.g. inelasti urrent-voltage spetrosopy [2℄, but also the devie stability due
to loal heating within the juntion [3℄.
Nonequilibrium Green's funtion (NEGF) theory [4, 5, 6℄ provides a system-
ati framework for desribing the eets of the oupling between transmitted
eletrons and atomi vibrations [7, 8, 9, 10℄. For weak eletron-phonon oupling,
a well-known approximation for evaluating the dressed Green's funtion is the
self-onsistent Born approximation (SCBA) [8, 9, 10℄ whih sums only non-
rossing diagrams in the diagrammati perturbation expansion of the Green's
funtion. Beause the perentage of nonrossing diagrams dereases quikly
with inreasing order in the oupling strength, SCBA breaks down at strong
eletron-phonon oupling [11℄.
Alternatively, orrelated eletron-ion dynamis (CEID) [2, 12, 13℄ has been
developed for desribing the eets of the eletron-ion orrelation and intera-
tion on the inelasti dynamis of the eletrons and nulei. CEID, as an extension
of moleular dynamis, reinstates the eletron-ion orrelation and the quantum
nature of nulei in order to take aount of energy exhange between eletrons
and nulei reasonably. So far CEID has been applied to a wide range of trans-
port properties of atomi wires, inluding inelasti urrent-voltage spetrosopy
[2℄, the alulation of loal heating (and its signature on the urrent) in real time
when ombined with eletroni open boundaries [14℄, and the non-onservative
nature of urrent-indued fores [15℄. Reently, a omparison between CEID
and the NEGF method in SCBA has been made both numerially and analyti-
ally for steady state transport [16℄. However, there are two restritions on the
original CEID disussed above. First, it is assumed that the eletron-ion sys-
tem is desribed in terms of an ensemble with a xed total number of eletrons.
Seond, the original CEID methodology laks a systemati sheme to improve
its auray.
In this paper, we develop a new formulation of CEID by using equations of
motion for a set of nonequilibrium Green's funtions whih are losely linked to
the dynamial variables in the CEID method. To illustrate this idea, we onsider
a model system of noninterating eletrons linearly oupled to a quantum osil-
lator. The motivation behind this eort is to lift the restritions on the original
CEID. We attempt to make a rigorous onnetion between CEID and diagram-
mati perturbation theory, so as to quantify the key CEID approximations in
diagrammati terms, and, in priniple, to be able to improve them. Moreover,
in the framework of NEGF, the sope of CEID an be readily extended to a
general nonequilibrium ensemble with a variable total number of eletrons. We
ompare analytially CEID with SCBA for a general nonequilibrium state in
the time domain, thus extending the previous omparison [16℄ for a steady state
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in the energy domain.
The paper is organized as follows. In the next setion, we present the new
formulation of CEID for the model system by using equations of motion for
a set of nonequilibrium Green's funtions. In setion 3, CEID is analytially
ompared with SCBA for the model system at the fourth-order in the oupling
strength and in two spei limits: weak eletron-phonon oupling limit and
large ioni mass limit. To evaluate the Green's funtions for the system of
eletrons oupled to a lassial osillator, a lassial version of Wik's theorem
is introdued in the appendix. Finally, onlusions are drawn in setion 4.
2 Model and formulation
We onsider an innite open system of noninterating eletrons linearly ou-
pled to a single quantum osillator. The eletrons are desribed in terms of
the seond-quantized eld operators Ψ(r) and Ψ+(r). The Hamiltonian of the
system then takes the form
H =
∫
drΨ+(r)
(
− ~
2
2m
▽2 +V (r)
)
Ψ(r) +
[
P 2
2M
+
1
2
KX2
]
−X
∫
drF (r)Ψ+(r)Ψ(r) (1)
with X = R−R0. The rst two terms onstitute the free-partile Hamiltonian
H0, and the last term desribes the eletron-phonon interation H
i
. Here V (r)
is the lattie potential and F (r) is the eletron-phonon oupling strength. R0
and K are the equilibrium position and the spring onstant of the harmoni
osillator respetively.
In the absene of eletron-phonon interation Hi (taken to exist at t =
−∞), the unperturbed eletron subsystem was settled in the Landauer steady
state, whih is haraterized by two sets of one-eletron states, i.e. Lippmann-
Shwinger sattering states, {|Φiα〉} (α = 1, 2) with oupanies fiα set by the
battery terminals [17, 18℄. In the |Φiα〉-representation, the statistial operator
of the unperturbed system is thus taken to be
ρ0 =
1
Z
exp
{
−β
[(
P 2
2M
+
1
2
KX2
)
+
∑
i
2∑
α=1
(εiα − µα) c+iαciα
]}
where β = 1/kBT is the inverse temperature, eletrons oupying the two sets
of Lippmann-Shwinger sattering states are haraterized by the hemial po-
tentials µα (α = 1, 2) respetively, and Z is a normalization fator ensuring that
Tr (ρ0) = 1. Here,
{
c+iα
}
and {ciα} are the reation and annihilation operators
for the omplete and orthonormal set of the Lippmann-Shwinger sattering
states {|Φiα〉}. The fermion eld operator Ψ(r) (Ψ+(r)) an thus be expressed
as a linear ombination of {ciα} (
{
c+iα
}
).
We now dene the ontour-ordered Green's funtion
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G(rt, r′t′) = (i~)−1
〈
TCψH(rt)ψ
+
H(r
′t′)
〉
(2)
where the angular braket 〈· · ·〉 = tr (ρ0 · · ·). By virtue of the grand-anonial
struture of ρ0, we have thus allowed for an ensemble with a variable total
number of eletrons. The ontour C runs from t = −∞ to t = ∞ along the
upper branh and then returns to t = −∞ along the lower branh. Here ψH(rt)
and ψ+H(r
′t′) are the fermion eld operators in the Heisenberg piture.
Parallel to the original proedure of CEID [16℄, our main aim is to derive the
kineti equation for the one-eletron density matrix. Then the key quantity of
interest is the lesser Green's funtion G<(rt, r′t′) = −(i~)−1 〈ψ+H(r′t′)ψH(rt)〉
sine its equal-time value gives the one-eletron density matrix:
ρe(r, t|r′, t) = −i~G<(rt, r′t) =
〈
ψ+H(r
′t)ψH(rt)
〉
(3)
We rst derive the equation of motion for the ontour-ordered Green's funtion
G(rt, r′t′). Dierentiating G(rt, r′t′) with respet to time arguments and then
using equations of motion for the Heisenberg operators, one obtains
(i~∂t − he(r))G(rt, r′t′) = δ(r − r′)δC(t− t′)− F (r)Γµ(rt, r′t′) (4)
(−i~∂t′ − he(r′))G(rt, r′t′) = δ(r − r′)δC(t− t′)− Γ′µ(rt, r′t′)F (r′) (5)
where he(r) = − ~22m ▽2 +V (r) and δC(t − t′) is the ontour delta funtion [6℄.
Two new nonequilibrium Green's funtions are introdued here
Γµ(rt, r
′t′) = (i~)−1
〈
TCXH(t)ψH(rt)ψ
+
H (r
′t′)
〉
(6)
Γ′µ(rt, r
′t′) = (i~)−1
〈
TCψH(rt)ψ
+
H(r
′t′)XH(t
′)
〉
(7)
Combining equations (4) and (5) gives
ρ˙e =
1
i~
[he, ρe]− 1
i~
[F, µ] (8)
where we used ρ˙e(r, t|r′, t) = −i~ limt→t′ [(∂t + ∂t′)G(rt, r′t′)]<, and the rst
moment µ(r, t|r′, t) is dened as:
µ(r, t|r′, t) ≡ −i~Γ<µ (rt, r′t) = −i~Γ′<µ (rt, r′t)
=
〈
ψ+H(r
′t)ψH(rt)XH(t)
〉
(9)
Note that the kineti equation (8) always ensures the onservation of eletron
number, sine the relation
˙〈Ne〉 = trρ˙e = 0 holds due to the yli invariane of
the trae.
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We proeed to nd the equations of motion for Γµ(rt, r
′t′):
(i~∂t − he(r)) Γµ(rt, r′t′) = δ(r−r′)δC(t−t′) 〈XH(t)〉−F (r)Γµ2(rt, r′t′)+
i~
M
Γλ(rt, r
′t′)
(10)
(−i~∂t′ − he(r′)) Γµ(rt, r′t′) = δ(r − r′)δC(t− t′) 〈XH(t)〉 − Γ′µ2(rt, r′t′)F (r′)
(11)
where three new nonequilibrium Green's funtions are dened as:
Γλ(rt, r
′t′) = (i~)−1
〈
TCPH(t)ψH(rt)ψ
+
H (r
′t′)
〉
(12)
Γµ2(rt, r
′t′) = (i~)−1
〈
TCX
2
H(t)ψH(rt)ψ
+
H(r
′t′)
〉
(13)
Γ′µ2(rt, r
′t′) = (i~)−1
〈
TCXH(t)ψH(rt)ψ
+
H(r
′t′)XH(t
′)
〉
(14)
In order to obtain a losed set of equations of motion, we deouple the higher-
order Green's funtions Γµ2(rt, r
′t′) and Γ′µ2(rt, r
′t′) as follows:
Γµ2(rt, r
′t′) ≈ CRR(t)G(rt, r
′t′) (15)
Γ′µ2(rt, r
′t′) ≈ i~D(t, t′)G(rt, r′t′) (16)
where D(t, t′) = (i~)−1 〈TCXH(t)XH(t′)〉 is the dressed phonon Green's fun-
tion and CRR(t) = i~D
<(t, t). Using these deoupling approximations and the
relation µ˙(r, t|r′, t) = −i~ limt→t′ [(∂t + ∂t′) Γµ(rt, r′t′)]<, we ombine equations
(10) and (11) to yield
µ˙ =
1
i~
[he, µ]− 1
i~
CRR [F, ρe] +
λ
M
(17)
where we have applied the Langreth theorem [5, 6℄ to alulate Γ′<µ2(rt, r
′t′) =
i~D<(t, t′)G<(rt, r′t′), and the rst moment λ(r, t|r′, t) is dened as
λ(r, t|r′, t) ≡ −i~Γ<λ (rt, r′t)
=
〈
ψ+H(r
′t)ψH(rt)PH (t)
〉
(18)
We ontinue to derive the equation of motion for Γλ(rt, r
′t′):
(i~∂t − he(r)) Γλ(rt, r′t′) = δ(r − r′)δC(t− t′) 〈PH(t)〉 − i~KΓµ(rt, r′t′)
+Λ(rt, r′t′)− F (r)Γλµ(rt, r′t′) (19)
(−i~∂t′ − he(r′)) Γλ(rt, r′t′) = δ(r − r′)δC(t− t′) 〈PH(t)〉 − Γ′λµ(rt, r′t′)F (r′)
(20)
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where three new nonequilibrium Green's funtions are dened as:
Λ(rt, r′t′) =
∫
dr0F (r0)
〈
TCψ
+
H(r0t)ψH(r0t)ψH(rt)ψ
+
H (r
′t′)
〉
(21)
Γλµ(rt, r
′t′) = (i~)−1
〈
TCPH(t)XH(t)ψH(rt)ψ
+
H(r
′t′)
〉
(22)
Γ′λµ(rt, r
′t′) = (i~)−1
〈
TCPH(t)ψH(rt)ψ
+
H(r
′t′)XH(t
′)
〉
(23)
To deouple the above higher-order Green's funtions, we make the following
approximations:
Λ(rt, r′t′) ≈
∫
dr0F (r0)
〈
ψ+H(r0t)ψH(r0t)
〉 〈
TCψH(rt)ψ
+
H (r
′t′)
〉
−
∫
dr0
〈
ψ+H(r0t)ψH(rt)
〉
F (r0)
〈
TCψH(r0t)ψ
+
H(r
′t′)
〉
= i~
∫
dr0F (r0)ρe(r0, t)G(rt, r
′t′)−i~
∫
dr0ρe(r, t|r0, t)F (r0)G(r0t, r′t′) (24)
Γλµ(rt, r
′t′) ≈ (i~)−1 〈PH(t)XH(t)〉
〈
TCψH(rt)ψ
+
H(r
′t′)
〉
= CPR(t)G(rt, r
′t′)− i~
2
G(rt, r′t′) (25)
Γ′λµ(rt, r
′t′) ≈ 〈TCPH(t)XH(t′)〉G(rt, r′t′) (26)
where CPR(t) =
1
2 〈PH(t)XH(t) +XH(t)PH(t)〉. Using the above deoupling
approximations and the relation λ˙(r, t|r′, t) = −i~ limt→t′ [(∂t + ∂t′) Γλ(rt, r′t′)]<,
we ombine equations (19) and (20) to arrive at
λ˙ =
1
i~
[he, λ] + tr(ρeF )ρe +
1
2
{F, ρe} − ρeFρe − 1
i~
CPR [F, ρe]−Kµ (27)
where the Langreth theorem is applied to alulate Γ′<λµ(rt, r
′t′) = 〈XH(t′)PH(t)〉G<(rt, r′t′).
Kineti equations (8), (17) and (27) are idential to those derived in Refs. [2,
16℄, exept that an extra term tr(ρeF )ρe appears and a µFµ term disappears in
equation (27) ompared with the orresponding equation in the original CEID.
The reason for the presene of the extra tr(ρeF )ρe term is that, in the original
CEID [2, 16℄, the expansion was with respet to ∆R = R− R¯, whereas we, for
onveniene, here use X = R−R0 instead. In the original CEID, the µFµ term
results from higher-order orretions to the Hartree-Fok deoupling for the two-
eletron density matrix in equation (24), whih, however is not onsidered in the
present formulation. Apart from the two dierenes, the present formulation of
CEID is parallel to the original CEID.
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In order to have a losed set of equations, one an derive the perturbation
expansion for CRR(t) and CPR(t) by using the expression [4℄
〈AH(t)BH(t)〉 =
〈
TC
[
e−
i
~
R
C
HiH0
(τ)dτAH0(t)BH0 (t)
]〉
It is obvious that Wik's theorem an be applied diretly to the TC -produts
of ψH0 's and ψ
+
H0
's. For simpliity, we shall only retain the zero-order term
in the expansion. Thus we set CRR(t) = i~D
<
0 (t, t) = C (C is a onstant)
and CPR(t) =
1
2 〈PH0(t)XH0(t) +XH0(t)PH0 (t)〉 = 0. We shall hereafter on-
sider the bare phonon Green's funtion D0(t, t
′) only, instead of the dressed one
D(t, t′).
The deoupling approximations (15), (16), (24), (25) and (26) are the den-
ing approximations in the original CEID method [2℄. Their key eet is to
yield single-time equations of motion. These approximations an be well under-
stood in the framework of diagrammati perturbation theory as follows. Eah
of them represents a subset of diagrams in the diagrammati perturbation ex-
pansion of the orresponding Green's funtion. As shown in gure 1 where we
use Γ′µ2(rt, r
′t′) as an example, the deoupling approximation (16) inludes the
rst diagram in gure 1(a) and onsequently oinides exatly with the exat
perturbation expansion at the lowest-order, while it inludes only the seond
diagram in gure 1(a) at the seond-order.
In the NEGF-based formulation, CEID an be systematially extended in
two possible ways. Following the standard equation-of-motion tehnique, one
may extend the hierarhy of oupled equations of motion for Green's funtions
and then trunate the hierarhy somewhere by some sort of deoupling proe-
dure in whih a higher-order Green's funtions is expressed approximately as
a produt of lower-order Green's funtions. Another possibility is to improve
the deoupling approximations for Green's funtions Γµ2 , Γ
′
µ2
, Λ, Γλµ and Γ
′
λµ
by adding orretion terms. For instane, the last diagram in gure 1(a) (a
seond-order nonrossing diagram in the exat perturbation expansion for Γ′µ2)
whih is absent from gure 1(b) serves as a seond-order orretion term to the
deoupling approximation (16) illustrated in gure 1(b). We shall fous on the
way of making orretions to CEID deoupling approximations, sine it does
not result in a higher hierarhy of oupled equations (see setion 3.2).
We have thus rederived the CEID equations of motion from nonequilibrium
Green's funtions and generalized them to an ensemble whih allows for a vari-
able total number of eletrons. Moreover, the present formulation allows the key
approximations in CEID to be quantied in diagrammati terms and provides
an in-priniple way to improve them.
3 Comparison with the self-onsistent Born ap-
proximation
3.1 Weak eletron-phonon oupling limit
The CEID equations of motion to lowest-order in F read:
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ρ˙(2)e =
1
i~
[
he, ρ
(2)
e
]
− 1
i~
[
F, µ(1)
]
(28)
µ˙(1) =
1
i~
[
he, µ
(1)
]
− 1
i~
C
[
F, ρ(0)e
]
+
λ(1)
M
(29)
λ˙(1) =
1
i~
[
he, λ
(1)
]
+ tr(ρ(0)e F )ρ
(0)
e +
1
2
{
F, ρ(0)e
}
− ρ(0)e Fρ(0)e −Kµ(1) (30)
where the supersript denotes the order in the oupling strength F . Note that
the deoupling approximations (15), (16), (24), (25) and (26) are exat to lowest-
order in F . Hene the above kineti equations yield the exat ρ
(2)
e . Aording
to equation (3), the density matrix ρ
(2)
e must orrespond to the sum of all
the seond-order terms (the Hartree and Fok diagrams) in the perturbation
expansion of Green's funtion G(1, 1′), whih reads
G(2)(1, 1′) = tr(ρ(0)e F )
∫
d2dt3D0(t2, t3)G0(1, 2)F (r2)G0(2, 1
′)
+ i~
∫
d2d3G0(1, 2)F (r2)D0(t2, t3)G0(2, 3)F (r3)G0(3, 1
′) (31)
Here we use a ommon short notation (k) ≡ (rktk). Starting from this equation,
one an also easily derive equations (28), (29) and (30) with the equation-of-
motion tehnique, and furthermore identify that the seond term in the right-
hand side of equation (30) omes from the ontribution of the Hartree term.
Reall that in SCBA the sum of the seond-order terms G
(2)
SCBA, i.e. the rst
Born approximation, involves both the Hartree and Fok diagrams and oinides
exatly with equation (31). Hene, in the weak eletron-phonon oupling limit
CEID agrees exatly with SCBA for an arbitrary nonequilibrium state of the
eletron-ion system, whih extends the range of validity of the onlusion in the
previous omparison [16℄ for a steady state in the energy domain.
3.2 The fourth-order in the oupling strength
We shall go beyond the weak eletron-phonon oupling limit and ompare CEID
and SCBA at the fourth-order in F . For simpliity, Hartree-like diagrams (with
a losed fermion loop) will be exluded from our analysis. Let us onsider the
fourth-order SCBA Green's funtion G(4)(1, 1′) = A1(1, 1
′) +A2(1, 1
′) whih is
represented by two diagrams:
A1(1, 1
′) = i~
∫
d2d3G0(1, 2)F (r2)D0(t2, t3)G0(2, 3)F (r3)G
(2)(3, 1′)
A2(1, 1
′) = i~
∫
d2d3G0(1, 2)F (r2)D0(t2, t3)G
(2)(2, 3)F (r3)G0(3, 1
′)
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These diagrams are shown in gure 2(a) and (b) respetively. Here G(2)(1, 1′) =
i~
∫
d2d3G0(1, 2)F (r2)D0(t2, t3)G0(2, 3)F (r3)G0(3, 1
′) sine the Hartree diagram
is ignored. Kineti equations for G(4)(1, 1′) with respet to t1 and t
′
1 yield
ρ˙
(4)
e = (i~)−1
[
he, ρ
(4)
e
]
− (i~)−1 [F, µ(3)] where the orresponding Γ(3)µ (1, 1′) =
B1(1, 1
′) +B2(1, 1
′) ontains two terms:
B1(1, 1
′) = −i~
∫
d2D0(t1, t2)G0(1, 2)F (r2)G
(2)(2, 1′)
B2(1, 1
′) = −i~
∫
d2D0(t1, t2)G
(2)(1, 2)F (r2)G0(2, 1
′)
Note that B1(1, 1
′) and B2(1, 1
′) result from the temporal derivatives of A1(1, 1
′)
and A2(1, 1
′) respetively. The kineti equations for Γ
(3)
µ (1, 1′) read
i~∂t1Γ
(3)
µ (1, 1
′) = he(r1)Γ
(3)
µ (1, 1
′)−F (r1)
[
CG(2)(1, 1′) + S1(1, 1
′)
]
+i~
Γ
(3)
λ (1, 1
′)
M
(32)
− i~∂t′
1
Γ(3)µ (1, 1
′) = Γ(3)µ (1, 1
′)he(r
′
1)−
[
i~D0(t1, t
′
1)G
(2)(1, 1′) + S2(1, 1
′)
]
F (r′1)
(33)
where S1(1, 1
′) = (i~)2
∫
d2d3D0(t1, t3)D0(t1, t2)G0(1, 2)F (r2)G0(2, 3)F (r3)G0(3, 1
′),
S2(1, 1
′) = (i~)2
∫
d2d3D0(t1, t2)G0(1, 2)F (r2)G0(2, 3)F (r3)D0(t3, t
′
1)G0(3, 1
′),
and Γ
(3)
λ (1, 1
′) = C1(1, 1
′) + C2(1, 1
′) where
C1(1, 1
′) = −i~
∫
d2G0(1, 2)d0(t1, t2)F (r2)G
(2)(2, 1′)
C2(1, 1
′) = −i~
∫
d2d0(t1, t2)G
(2)(1, 2)F (r2)G0(2, 1
′)
with d0(t, t
′) = (i~)−1 〈TCPH0(t)XH0(t′)〉. The two terms in the square braket
in equation (32) (equation (33)) orrespond to all the seond-order nonrossing
diagrams in Γµ2(1, 1
′) (Γ′µ2(1, 1
′)) (see equations (13) and (14)), while CG(2)(1, 1′)
(i~D0(t1, t
′
1)G
(2)(1, 1′)) orresponds to the single seond-order diagram in the
deoupling approximation for Γµ2(1, 1
′) (Γ′µ2 (1, 1
′)) (see equations (15) and (16))
where S1(1, 1
′) (S2(1, 1
′)) is not present. This was illustrated in gure 1, where
i~D0(t1, t
′
1)G
(2)(1, 1′) and S2(1, 1
′) in equation (33) are assoiated with the se-
ond and third diagrams in gure 1(a) respetively. Equations (32) and (33) lead
to
µ˙(3) =
1
i~
[
he, µ
(3)
]
− 1
i~
C
[
F, ρ(2)e
]
+
λ(3)
M
+Πµ
where Πµ(r, t|r′, t) = F (r)S<1 (rt, r′t) − S<2 (rt, r′t)F (r′). It is seen that Πµ,
ontributed by the diagrams S1(1, 1
′) and S2(1, 1
′), serves as a orretion to the
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CEID equation of motion for µ(3) (f. equation (17) at the third-order), so as
to make CEID equivalent to SCBA at the fourth-order in the oupling strength.
However this orretion no longer involves just single-time quantities.
One an proeed to analyze the kineti equations for Γ
(3)
λ (1, 1
′) in a similar
manner:
i~∂t1Γ
(3)
λ (1, 1
′) = he(r1)Γ
(3)
λ (1, 1
′)− F (r1)
[
〈PH0(t1)XH0(t1)〉G(2)(1, 1′) + S3(1, 1′)
]
−i~
∫
dr0ρ
(0)
e (r1, t1|r0, t1)F (r0)G(2)(r0t1, r′1t′1)
−i~
∫
dr0ρ
(2)
e (r1, t1|r0, t1)F (r0)G0(r0t1, r′1t′1)− i~KΓ(3)µ (1, 1′)(34)
− i~∂t′
1
Γ
(3)
λ (1, 1
′) = Γ
(3)
λ (1, 1
′)he(r
′
1)−
[
i~d0(t1, t
′
1)G
(2)(1, 1′) + S4(1, 1
′)
]
F (r′1)
(35)
where S3(1, 1
′) = (i~)2
∫
d2d3d0(t1, t3)D0(t1, t2)G0(1, 2)F (r2)G0(2, 3)F (r3)G0(3, 1
′)
and S4(1, 1
′) = (i~)2
∫
d2d3d0(t1, t2)G0(1, 2)F (r2)G0(2, 3)F (r3)D0(t3, t
′
1)G0(3, 1
′).
The two terms in the square braket in equation (34) (equation (35)) orrespond
to all the seond-order nonrossing diagrams in Γλµ(1, 1
′) (Γ′λµ(1, 1
′)) (see equa-
tions (22) and (23)), while 〈PH0(t1)XH0(t1)〉G(2)(1, 1′) (i~d0(t1, t′1)G(2)(1, 1′))
is the single seond-order diagram in the deoupling approximation for Γλµ(1, 1
′)
(Γ′λµ(1, 1
′)) (see equations (25) and (26)) where S3(1, 1
′) (S4(1, 1
′)) is not present.
From equations (34) and (35), one obtains
λ˙(3) =
1
i~
[
he, λ
(3)
]
+
1
2
{
F, ρ(2)e
}
−
(
ρ(0)e Fρ
(2)
e + ρ
(2)
e Fρ
(0)
e
)
−Kµ(3) +Πλ
where Πλ(r, t|r′, t) = F (r)S<3 (rt, r′t) − S<4 (rt, r′t)F (r′) whih serves as a or-
retion to the CEID equation of motion for λ(3) (f. equation (27) at the third-
order). Note that a term similar to the seond term in the right-hand side of
equation (30) does not appear beause of the exlusion of Hartree-like diagrams.
We have thus identied expliitly the orretions to the CEID equations
of motion for µ(3) and λ(3) added by SCBA. These orretion terms are on-
tributed by the diagrams whih are absent from the deoupling approximation
but are present in the omplete olletion of seond-order nonrossing diagrams
for higher-order Green's funtions Γµ2(1, 1
′), Γ′µ2(1, 1
′), Γλµ(1, 1
′) and Γ′λµ(1, 1
′).
After this orretion, CEID beomes equivalent to SCBA at the fourth-order. In
priniple, one may extend this relation between CEID and SCBA to any order
in F . However, the amount of diagrams inreases fast with inreasing order so
that it would not be easy to illustrate their relation in higher order ase.
3.3 Large ioni mass limit
In the limit of innite ioni mass, the eletron density matrix is determined by
equation (8) and
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µ˙ =
1
i~
[he, µ]− 1
i~
C [F, ρe] (36)
Here the onstant C orresponds to the equal-time lassial phonon Green's
funtion beause the osillator with innite mass is treated lassially (see ap-
pendix). In Ref. [16℄, it was shown that these oupled equations of motion are
idential to the orresponding kineti equations for the following eetive elasti
sattering problem.
Consider non-interating eletrons linearly oupled to a single innitely heavy
lassial degree of freedomX , with a distribution χ(X) = 12
[
δ(X −
√
C) + δ(X +
√
C)
]
.
The system an be desribed in terms of one-eletron density matrix ρ(X, t)
whih is governed by i~ρ˙(X, t) = [h(X), ρ(X, t)] with the one-eletron Hamilto-
nian h(X) = h0 − FX . Dene
ρe(t) ≡
∫
ρ(X, t)χ(X)dX
µ(t) ≡
∫
Xρ(X, t)χ(X)dX
µ2(t) ≡
∫
X2ρ(X, t)χ(X)dX = Cρe
Then ρe(t) is generated exatly by
i~ρ˙e = [h0, ρe]− [F, µ] (37)
i~µ˙ = [h0, µ]− C [F, ρe] (38)
whih are idential to equations (8) and (36) [16℄. We now proeed to solve
equations (37) and (38) in integral form. It is proposed that for t > t0 this
solution an be written as
ρe(t) = ρ
<(t, t) , µ(t) = µ<(t, t) (39)
where ρ<(t, t′) and µ<(t, t′) are dened as
ρ<(t, t′) = −(i~)2
∫
G+X(t, t0)ρe(t0)G
−
X(t0, t
′)χ(X)dX (40)
µ<(t, t′) = −(i~)2
∫
XG+X(t, t0)ρe(t0)G
−
X(t0, t
′)χ(X)dX (41)
with (i~∂t − h(X))G±X(t, t′) = δ(t− t′). Furthermore G±X(t, t′) an be expressed
in an iterative form
G±X(t, t
′) = G±0 (t, t
′)−X
∫
G±0 (t, t
′′)F (t′′)G±X(t
′′, t′)dt′′ (42)
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with (i~∂t − h0)G±0 (t, t′) = δ(t− t′) and F (t) = θ(t − t0)F . Repeating the use
of equation (42) in equations (40) and (41), one nds that
ρ<(t, t′) =
(
1 +G+ · Σ+0 ·
)
ρ<0
(
1 + ·Σ−0 ·G−
)
+G+ · Σ<0 ·G− (43)
µ<(t, t′) = −C
∫ (
ρ<0 (t, t
′′)F (t′′)G−(t′′, t′) +G+0 (t, t
′′)F (t′′)ρ<(t′′, t′)
)
dt′′
= −C
∫ (
ρ<(t, t′′)F (t′′)G−0 (t
′′, t′) +G+(t, t′′)F (t′′)ρ<0 (t
′′, t′)
)
dt′′ (44)
with
Σ±0 (t, t
′) = CF (t)G±0 (t, t
′)F (t′)
Σ<0 (t, t
′) = CF (t)ρ<0 (t, t
′)F (t′)
ρ<0 (t, t
′) = −(i~)2G+0 (t, t0)ρe(t0)G−0 (t0, t′)
G±(t, t′) ≡
∫
G±X(t, t
′)χ(X)dX = G±0 (t, t
′)+
∫
G±0 (t, t1)Σ
±
0 (t1, t2)G
±(t2, t
′)dt1dt2
(45)
Above A = B · C stands for A(t, t′) = ∫ B(t, t′′)C(t′′, t′)dt′′. This onvention
will be used where appropriate hereafter.
In the innite mass limit, the CEID equations of motion (8) and (36) have
preisely the same form as the kineti equations (37) and (38) for the elasti
sattering problem. Hene, in view of the solution to the elasti sattering
problem, we may, by analogy, suggest the following ansatz to equations (8) and
(36) in the ontext of NEGF (f. equations (44) and (45)):
GCEID(1, 1
′) = G0(1, 1
′)+C
∫
G0(1, 2) [F (r2)G0(2, 3)F (r3)]G(3, 1
′)d2d3 (46)
and
Γµ(1, 1
′) = −C
∫
G0(1, 2)F (r2)G(2, 1
′)d2
= −C
∫
G(1, 2)F (r2)G0(2, 1
′)d2 (47)
In analogy with the treatment in setion (2), one an easily verify that
ρe(r, t|r′, t) = −i~G<CEID(rt, r′t) and µ(r, t|r′, t) = −i~Γ<µ (rt, r′t) are solutions
to equations (8) and (36). In the large ioni mass limit, the CEID equations
of motion are thus exatly solvable based on a orrespondene between CEID
12
and the elasti sattering problem. Interestingly, the Dyson equation (46) is
onsistent with the Born approximation (BA) and GCEID ontains only one
term at eah order in F .
To ompare with SCBA, we need the mixed quantum-lassial perturba-
tion expansion for GSCBA whih, following the disussion in the appendix, an
be obtained by replaing the quantum phonon Green's funtion by the las-
sial phonon Green's funtion (50) in the SCBA Dyson equation GSCBA =
G0 + G0 · FD0GF · G (the Hartree-like diagrams are ignored here). In the in-
nite ioni mass limit, the lassial phonon Green's funtion (50) is a onstant
C. So the SCBA Dyson equation beomes GSCBA = G0 + CG0 · FGF · G.
This equation diers from the CEID solution (46) from the fourth-order term
onwards. For instane, G
(4)
SCBA = 2G
(4)
CEID. In the large ioni mass limit, the
dierene between CEID and SCBA is thus preisely quantied.
4 Conlusions
In this paper, we have onsidered, using the nonequilibrium Green's funtion
theory, a system of noninterating eletrons linearly oupled to a quantum os-
illator. A set of kineti equations, whih determine the one-eletron density
matrix, are derived with the equation-of-motion tehnique. Our work estab-
lishes a rigorous onnetion between CEID and NEGF, and extends the sope
of CEID to a general nonequilibrium ensemble that allows for a variable total
number of eletrons. By perturbation theory, the deoupling approximations
used in the CEID methodology an be quantied in diagrammati terms.
We have ompared the limiting behavior of CEID and SCBA analytially.
In the weak eletron-phonon oupling limit, they agree exatly for a general
nonequilibrium state of the system. In the large ioni mass limit, where CEID
orresponds to an elasti sattering problem and an be solved exatly, the
dierene between CEID and SCBA emerges from the fourth-order term and
an be quantied. In partiular, we illustrate the onnetion between CEID
and SCBA at the fourth-order in the oupling strength. We nd that, CEID
oupies a speial plae between BA and SCBA, suh that CEID is simpler than
SCBA but is an improvement over BA, in that CEID onserves total number of
eletrons. The lowest-order SCBA orretions to the CEID equations of motion
(see setion 3.2) no longer involve just single-time quantities. This illustrates
the sense in whih CEID an be thought of as the simplest partile-number
onserving approximation that, in addition, retains just single-time quantities.
The present formulation of CEID an be extended to inlude multiple quan-
tum osillators. The purpose of the single-osillator model alulation is to
illustrate the analytial features of CEID in a simple way so that an analytial
omparison of CEID and SCBA an be made. Like SCBA, the present method
for CEID is not appliable to problems with strong eletron-phonon orrelations,
whih, however, have been addressed by another CEID sheme [19℄ reently.
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Appendix
In this appendix, we shall onsider the Green's funtion for a system of quan-
tum eletrons oupled to a lassial osillator and then show how to develop a
diagrammati perturbation expansion for it. The system Hamiltonian takes the
form (1) but X and P are lassial variables now. The mixed quantum-lassial
Green's funtion, as usual, an be written as
G(1, 1′) = (i~)−1
〈
TC
[
ΨH0(1)Ψ
+
H0
(1′)e−
i
~
R
C
HiH0
(τ)dτ
]〉
where the angular braket 〈· · ·〉 = ∫ dXdP tr (ρ0 · · ·). To evaluate this Green's
funtion, we must provide a proedure for evaluating the average of produts
of lassial oordinates X 's, while the average of produts of eletroni eld
operators an be evaluated by Wik's theorem.
Consider a lassial osillator with position, momentum and energy
X(t) = A cos (ωt− φ)
P (t) = −AωM sin (ωt− φ)
E =
P 2
2M
+
1
2
Mω2X2 =
1
2
Mω2A2
sampled from the anonial distribution
ρ(X,P ) =
βω
2pi
e
−
1
2
βMω2A2
Let 〈. . .〉 denote averaging over ρ. Changing variables from (X,P ) to (A, φ)
with dXdP →MωAdAdφ,
〈. . .〉 =
∫ ∞
−∞
dX
∫ ∞
−∞
dP . . . ρ =
βMω2
2pi
∫ ∞
0
AdA
∫ 2pi
0
dφ . . . e−
1
2
βMω2A2
Our aim is to establish the relation
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L ≡ 〈X(t1)X(t2) . . . X(t2N )〉 = R ≡ 〈X(t1)X(t2)〉 〈X(t3)X(t4)〉 . . . 〈X(t2N−1)X(t2N )〉
+ all other pairings (48)
Write
X(ti) =
A
2
(
e
i(ωti−φ) + e−i(ωti−φ)
)
=
ai + a
∗
i
2
, ai = Ae
i(ωti−φ)
Consider L. Expand and integrate over φ. Only terms with N a's and N a∗'s
survive. There are
NL =
(2N)!
N !N !
suh terms. Eah is of the form
1
4N
(
βMω2
∫ ∞
0
dAA2N+1e−
1
2
βMω2A2
)(
e
iω(tk1+...+tkN ) × e−iω(tkN+1+...+tk2N )
)
=
1
2N
N !
(βMω2)N
(
e
iω(tk1+...+tkN ) × e−iω(tkN+1+...+tk2N )
)
(49)
with one suh term ourring in L for eah of the NL possible groupings of the
2N indies into two groups of N , {(k1 . . . kN ) , (kN+1 . . . k2N )}.
Now onsider R. Note that the lassial phonon Green's funtion
〈X(ti)X(tj)〉 = 1
βMω2
cosω(ti− tj) = 1
2βMω2
(
e
iω(ti−tj) + e−iω(ti−tj)
)
(50)
In R there are
NP = (2N − 1)(2N − 3) . . . 1 = (2N)!
2NN !
dierent pairings. Eah pairing ontributes 2N terms, eah of the form
1
2N
1
(βMω2)N
(
e
iω(tk1+...+tkN ) × e−iω(tkN+1+...+tk2N )
)
(51)
Thus, R is omposed of
NR =
(2N)!
2NN !
2N =
(2N)!
N !
terms, eah of the form (51).
By symmetry, every grouping of indies {(k1 . . . kN ) , (kN+1 . . . k2N )} that
ours in L ours in R and vie versa. Further, by symmetry, if a given
grouping {(k1 . . . kN ) , (kN+1 . . . k2N )} ours G times in R, then every other
grouping must also our G times in R. There are NL groupings. Hene
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G =
NR
NL
= N !
and thus every grouping {(k1 . . . kN ) , (kN+1 . . . k2N )} ours N ! times in R.
Using this and (51), we see that in R eah distint grouping ours with a
prefator
1
2N
N !
(βMω2)N
whih is the same as the prefator with whih eah grouping ours in L (see
equation (49)). Hene L = R. This relation (Wik's theorem) allows us to eval-
uate the mixed quantum-lassial Green's funtion as a perturbation expansion
involving only wholly paired nulear oordinates.
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Figure aptions
Figure 1. (a) Zero- and seond-order nonrossing diagrams in the exat Γ′µ2(rt, r
′t′)
(see equation (14)). (b) The diagrammati representation of the CEID
deoupling approximation for Γ′µ2(rt, r
′t′) (see equation (16)). The thik
(thin) straight line represents dressed (bare) eletron Green's funtion.
The thik (thin) wavy line represents dressed (bare) phonon Green's fun-
tion. We ignore Hartree-like diagrams and orretions to a phonon line.
Figure 2. The diagrammati representation of the fourth-order SCBA Green's
funtion G(4)(1, 1′).
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